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Problem Statement

Many control theory problems have a solution set that
can be written into the form

S , {p ∈ P | (∃q ∈ Q)f(p, q) = 0},

where P is a box of Rnp , Q is a box of Rnq and f is a
continuous function from Rnp+nq to Rnf .

Challenging problem: General algorithm able to find an
inner and an outer approximation of S.
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Example: Sailboat Modelization
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:

ẋ = v cos θ,

ẏ = v sin θ − βvw,

θ̇ = ω,

δ̇s = u1,

δ̇r = u2,

v̇ =
fs sin δs−fr sin δr−αf v

m
,

ω̇ =
(ℓ−rs cos δs)fs−rr cos δrfr−αθω

J
,

fs = αs (vw cos (θ + δs) − v sin δs) ,

fr = αrv sin δr.

Wind

vw

The state vector x = (x, y, θ, δs, δr, v, ω)T ∈ R7.The inputs u1 and
u2 of the system are the derivatives of the angles δs and δr.
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Example: Polar Diagram of a Sailboat

The polar diagram of the sailboat is the set S of all
pairs (θ, v) that can be reached by the boat, in a
cruising mode.
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Example: Polar Diagram of a Sailboat

In boat’s cruising mode, the speed of the boat, its
angular velocity, . . . are assumed to be constant, i.e.,

θ̇ = 0, δ̇s = 0, δ̇r = 0, v̇ = 0, ω̇ = 0.

Then, we get


























0 =
fs sin δs−fr sin δr−αfv

m
,

0 = (ℓ−rs cos δs)fs−rr cos δrfr

J
,

fs = αs (vw cos (θ + δs) − v sin δs) ,

fr = αrv sin δr.

IntCP05 - 1 October 2005 - Sitges



p.7/16

Example: Polar Diagram of a Sailboat

The polar diagram can be written as

S = {(v, θ) | ∃δr, ∃δs, f (v, θ, δr, δs) = 0} ,

where

f (v, θ, δr, δs) =

0

@

αs (vw cos (θ + δs) − v sin δs) sin δs − αrv sin2 δr − αf v

(ℓ − rs cos δs) αs (vw cos (θ + δs) − v sin δs) − rrαrv sin δr cos δr

1

A
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Example: Polar Diagram of a Sailboat

An elimination of δr yields to

S = {(θ, v)|(∃δs ∈ [−
π

2
,
π

2
]) f(θ, v, δs) = 0},

where

f(θ, v, δs) =
(

(αr + 2αf ) v − 2αsvw cos (θ + δs) sin δs + 2αsv sin2 δs

)2

+
(

2αs

rr
(ℓ − rs cos δs) (vw cos (θ + δs) − v sin δs)

)2

− α2
rv

2.
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Quantified Set Inversion Algorithm

S , {p ∈ P | (∃q ∈ Q)f(p, q) = 0},

p1

p2

S

Bisection

P ⊆ S P ⊆ ¬S Undefined
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Quantified Set Inversion Algorithm

S , {p ∈ P | (∃q ∈ Q)f(p, q) = 0},

Rule 1 : P ⊆ S ⇔ (∀p ∈ P)(∃q ∈ Q)f(p,q) = 0,

Rule 2 : P ⊆ ¬S ⇔ (∀p ∈ P)¬((∃q ∈ Q)f(p,q) = 0),

Rule 3 : Undefined ⇔ ¬(Rule 1) ∧ ¬(Rule 2).
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Modal Interval Analysis

MIA makes equivalent a ∀∃-first order constraint to an
interval inclusion.

Rule 1 : (∀p ∈ P)(∃q ∈ Q)f(p,q) = 0 ⇐⇒

f∗(P ,Q) ⊆ [0, 0].

Rule 2 : (∀p ∈ P)¬((∃q ∈ Q)f(p, q) = 0) ⇐⇒

f∗(P ,Q) * [0, 0].
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Fstar Algorithm

- Modal Interval Arithmetic Library

- Branch-and-Bound Algorithm

- Symbolic Differentiation

- Optimality Theorems

(f(x ),X )

f ∗Algorithm

Tolerance

Tolerance

Inn(f ∗(X ))

Out(f ∗(X ))
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Fstar Algorithm - Example

Check if (Θ, V ) = ([π, 2π], [2.5, 5]) ⊆ S

(∀θ ∈ [π, 2π])(∀v ∈ [2.5, 5])(∃δs ∈ [−π/2, π/2])
(

(αr + 2αf ) v − 2αsvw cos (θ + δs) sin δs + 2αsv sin2 δs

)2

+
(

2αs

rr
(ℓ − rs cos δs) (vw cos (θ + δs) − v sin δs)

)2

− α2
rv

2 = 0.

where vw = 10, αf = 60, αr = 300, rs = 1, rr = 2, l = 1.

Since,

Out(fR∗(θ, v, δs)) = [1.1e + 05,−9.3e + 03] ⊆ [0, 0] ⇒ (Θ, V ) ∈ S.
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Polar Diagram - Test Case

For vw = 10, αf = 60, αr = 300, rs = 1, rr = 2, l = 1,
and a search space (Θ, V ) of ([0, 2π], [0, 20]), the
following solution is obtained.
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Sailboat Control Application

Objective: Automatically control the speed v and the
orientation θ of a sailboat.

Pre-compensator
Feedback
liniarisation
control

Wind

v̄

θ̄θ̄

δ̄sδ̄s

δ̄r

x̄

On-lineOff-line

vw
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Control Application
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