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Abstract. We study the problem of matching bidders to items where
each bidder ¢ has general, strictly monotonic utility functions ws,;(p;)
expressing her utility of being matched to item j at price p;. For this
setting we prove that a bidder optimal outcome always exists, even when
the utility functions are non-linear and non-continuous. Furthermore, we
give an algorithm to find such a solution. Although the running time of
this algorithm is exponential in the number of items, it is polynomial in
the number of bidders.

1 Introduction

In two-sided matching markets buyers are to be matched to items and the seller
receives a monetary compensation from the buyers. Such markets have been
studied for several decades [1,2]. They have seen a surge of interest with the
spread of sponsored search auctions [3,4], where advertisers (bidders) are com-
peting for the available advertising slots (items). Our research is also motivated
by sponsored search but our results are not specific to this setting in any way.

A solution is bidder optimal if it gives each bidder the highest possible utility.
For the case where each bidder i has a utility function w; ;(p,) for item j that
drops linearly in the price p; it has long been known how to find such solutions
[5,6]. Recently, an algorithm was presented that also copes with per-bidder-item
reserve prices (where a certain minimum price p; > r; ; is required if bidder %
is matched to item j) and per-bidder-item maximum prices (where bidder ¢ can
pay no more than m; ; for item j) [7]. This algorithm requires the input to be
in “general position”, which e.g. requires that all reserve and maximum prices
are different. Our results do not require this assumption.

In [8-10] the existence of bidder optimal solutions was shown for general,
strictly monotonic utility functions, as long as the utility functions are continu-
ous. However, no algorithm was given to find such a solution. For the special case
of piece-wise linear functions an algorithm was presented in [11,12], where the
arguments used to prove termination leads to a time bound exponential in the
number of items. The authors then argue that arbitrary continuous functions
can be uniformly approximated by such piece-wise linear functions. However,
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neither the approximation accuracy nor the running time are analyzed and the
relationship between the two is unclear. Also, such a uniform approximation
does not exist for discontinuous utility functions.

Our main contributions are two-fold. First, we prove that even for general,
strictly monotonic discontinuous utility functions a bidder optimal outcome al-
ways exists. Second, we give an algorithm to find such an outcome. The running
time of this algorithm is polynomial in the number of bidders n but exponential
in the number of items k. However, for sponsored search k can be viewed as
constant or, at least, k < n.

Our model includes per-bidder-item reserve prices r; ; and also per-bidder
reserve utilities o;, usually referred to as outside options. We can also model per-
bidder-item max prices m; ; with a discontinuous drop of u; ;(p;) at the price
p; = m; ;. Other settings that can be modeled are interest rates where, e.g.,
up to a certain point a bidder can still pay from her own pocket but for higher
prices she has to borrow money from a bank, leading to a faster drop in utility.
Similarly, settings where the bidder is “risk averse” and loses utility faster for
higher prices due to an associated higher variance can be modeled.

Note that both for our and related previous results the utility function is
a function of the price only. Other inter-item dependencies cannot be modeled.
Such dependencies include a drop in utility if some other bidder gets a particular
item or a positive utility only if a bidder gets a particular set of items. For a
survey concerning such combinatorial auctions we refer the reader to [13].

2 The Assignment Problem

The problem is defined as follows: We are given a set I of n bidders and a set
J of k items. We use letter ¢ to denote a bidder and letter j to denote an item.
Each bidder i has a utility function u; ;(p;) for each item j expressing her utility
of being matched to item j at price p;. We assume that (i) the utility functions
u;,;(+) are strictly monotonically decreasing and (ii) for the outside options o;
(defined below) there exist threshold values p; ; s.t. u; ;(Pi ;) < 0;. We do not
assume that wu; ;(-) is (globally) continuous, but we do require that (iii) it is
locally right-continuous, i.e. that Va : lim_o+u; ;(z + €) = u; ;(z).!

We want to compute a matching p C I x J, where we require all bidders
to be matched. To ensure that this is possible, even if k& < n, we introduce
symbolic dummy items. If bidder i is matched to a dummy item j then this
represents that ¢ is actually not matched. In the proofs of existence of bidder
optimal solutions we will assume that there are n dummy items, one for each
bidder, in our algorithm we directly deal with the case of an unmatched bidder
as the running time would suffer significantly from an increase of the (small)
number of items &k to n + k. To distinguish between a match to a dummy and
a real item we call the latter case properly matched. We use p(i) to denote the

! At the end of Section 3 we show that all three of these requirements are necessary
for a bidder optimal solution to exist.



item that is matched to bidder ¢ in g and p(j) to denote the bidder, if any, that
is matched to item j. Note that we do not require all items to be matched.

We say that a matching p with prices p = (p1, . . ., px) is feasible if (i) p; > 7; ;
for all (i,j) € pu, where 7; ; is a reserve price, and (i) u; ,,(s)(Puiy) > 0i, Where
0; is an outside option.? As mentioned, we have one (conceptual) dummy item
j for each bidder i s.t. u; ;(z) = 0; —x and uy ;(z) = 0oy —1 —x for all ¢/ # 1, as
well as r; j = 0 and ry ; = oy for all i/ # i.> We say that the outcome (u,p) is
stable if for all (i, 5) € I x J we have u; j(p;) < w; ue)(Pu()), i-e. each bidder gets
an item which, at the prices of the outcome, is one of her first choices. We will
also refer to prices p as feasible and/or stable if a corresponding feasible and/or
stable matching p exists. The triple (u;;(-),7i,;,0:;) along with the implicitly
assumed sets I and J constitute the input of the assignment problem. Note that
our definition of stability is slightly stronger than the definition in [7] in the
sense that our stability implies their stability, which also involves the 7; ;.

Our goal is to find a bidder optimal solution. We say that (u,p) is bidder
optimal if it is both feasible and stable and for every other feasible and stable
(1, p") we have that u; ;) (Pu()) > u;,u,(i) (p’u,(i)) for all <.

Given the input (uj;(-),7i;,0:) let (¢',p) be the outcome of a mechanism
and analogously for u};(-). We say that the mechanism is truthful if for every
bidder ¢ with utility functions w; 1(+),...,u;%(-) and any two input matrices of
utility functions v’ and u” with u} ;(-) = u;;(-) for all j and wuj () = uy ;(*)
for all k # i and all j we have that Ui,u/(i)(p;u(i)) > Ui (i) (pZ,,(i)) for all i.
Note that this definition only involves the utility functions and not r;; or o;.
We assume that the 7; ;, which are a property of the sellers, cannot be falsified
by the bidders. Furthermore, it is easy to see that misreporting the o; is not
beneficial to i. Overreporting can only lead to a missed chance of being assigned
an item and underreporting can lead to a utility below the true outside option.

3 Existence of a Bidder Optimal Solution

Theorem 1. For any input (u; ;(-),7i;,0i) to the assignment problem there ex-
ists a bidder optimal outcome (u*,p*).

So far this result was only known for continuous utility functions [8-10]. Our
proof consists of the following steps: Lemma 1, which can be proven by con-
tradiction, shows that lowest feasible and stable prices are sufficient for bidder
optimality. Lemma 2 shows that any two feasible and stable outcomes (p, p) and
(¢, p’) can be combined to give a new feasible and stable solution with prices
min(p, p’). Lemma 3 then asserts that the infimum p* over all feasible and stable
prices, if it exists, corresponds to a feasible and stable outcome (u*, p*). Finally,

2 The second part of the feasibility definition is often referred to as individual ratio-
nality of the bidders. Similarly, the reserve price condition can be referred to as
individual rationality of the sellers with bidder-dependent payoffs.

3 The intuition is that in any feasible and stable outcome the price of item j can be
as low as zero and so bidder 7 will have a utility of at least o;.



Lemma 4 finishes the proof as it gives the existence of at least one feasible and
stable outcome, establishing the existence of an infimum by Lemma 2.

Lemma 1. If (u*,p*) is feasible and stable and p; < p; for all j and any (u,p)
that is feasible and stable, then (u*,p*) is bidder optimal.

Lemma 2. Any two outcomes (p,p) and (u',p") which are feasible and stable
for the input (u; ;(-),7i.j,0;) can be combined s.t. there exists a matching fu which
together with the prices p = min(p, p’) is feasible and stable for the same input.

Even though the setting in [10] is for continuous utility functions and for a
slightly weaker definition of stability involving both bidder and seller, their proof
of this particular lemma (their Lemma 2) goes through unchanged. Concretely,
it is shown that each bidder ¢ gets item /(i) at a price p;(;) corresponding to
U iy Ppgsy) = max(s i) (D) Wi (i) (p’u, Z.))). In other words, the two out-
comes are stitched together in the best possible way for all bidders.

Lemma 2 implies that if there are any feasible and stable prices then there are
unique infimum prices p* = inf{p : p are feasible and stable prices}. It remains
to show that (i) p* corresponds to a feasible and stable outcome (p*, p*) (Lemma
3) and (ii) that there is at least one feasible and stable outcome (Lemma 4).

Lemma 3. If there exists a feasible and stable outcome (p,p) matching all bid-
ders, then there exists a feasible and stable outcome (p*,p*) matching all bidders
with lowest prices. Le. no other feasible and stable outcome (y',p’) matching all
bidders can have p;- < pj for any j.

Our proof uses the following definitions: Let F,, C I x J be the first choice graph
at prices p which contains an edge from bidder 7 to item j if and only if j €
argmax;, u; j (p;/). Note that (u,p) is stable if and only if u C F,. Let E,CF,
denote the subset of feasible edges (i, j) where p; > r; ; and u; ;j(p;) > 0;.* For
ie€landje Jwedefine F,(3) = {j: 3(4,5) € Fp} and F,(j) = {i : 3(4,7) €
Fp}.ForT CIand S C Jwedefine F,(T) = UjerFp (i) and F,(S) = UjesFp(4).
We define F), (i), F,(j), F,(T), and F,(S) analogously. We call a (possibly empty)
set S C J strictly overdemanded for prices p wrt T C I if (i) F,(T) C S and (ii)
VRC S, R#0:|F,(R)NT| > |R|. Using Hall’'s Theorem [14] one can show that
a feasible and stable matching exists for given prices p if and only if there is no
strictly overdemanded set of items S.

Proof. If we assume that there exists at least one feasible and stable outcome,
then Lemma 2 shows that there exist unique infimum prices p*.

For a contradiction suppose that there is no matching p* s.t. (u*,p*) is
feasible and stable. Then, by Hall’s Theorem, there must be a set T of bidders
s.t. Fp* (T) is strictly overdemanded for prices p* wrt 7.

In any feasible and stable outcome (i, p) we have p; > pj for all items j and,

thus, the overdemand for the items in F,«(T) can only be resolved if (i) at least
4 The second feasibility condition is redundant as if u; ; (p;) < 0; then bidder 4 strictly

prefers her dummy item whose price can always be assumed to be 0 in any bidder
optimal solution. See Lemma 4.



one of the bidders ¢ € T has a feasible first choice item j € J \ Fp«(T) under
p or (ii) for some item j € Fp(T) \ Ep-(T) we have that p; > r; ;. Case (i)
corresponds, for each pair (i,7) € T x J \ Fp-(T), to a price increase relative to
p*of s% = inf{z >0:u;;(p} +2) < maxjecnp,. ) i (p})}, which is > 0 and
contained in the set itself as u; j(-) is right-continuos.®> Case (ii) corresponds,
for each pair (i,5) € I x Fp«(T) \ Fp-(T), to a price increase relative to p* of
fi = i, — P}, which is also > 0. Let 8 = min(sé-, £3)if j € Fye(i) \ Fpe (i) and
let 5;- =5 otherwise. Then Y5 = min; Zj 5;- is a lower bound on the sum of the
price increases for any feasible and stable outcome (fi, p).

Lemma 2, however, shows that for any € > 0 there exist feasible and stable
prices p’ s.t. |p; —p| < e for all items j. For € = X5/|J| this gives a contradiction
to the fact that the price increases corresponding to X5 were required by any
feasible and stable solution. We conclude that there exists at least one matching
w* s.t. (u*,p*) is feasible and stable. O

Lemma 4. For the assignment problem there are unique lowest stable prices p*
s.t. any other feasible and stable outcome (u,p) has p; > p; for all j € J.

Proof. By Lemma 3 we know that we only have to show the existence of some
stable outcome (u*,p*). Set p; = max;(p;,;) for the non-dummy items j (where
the p; ;’s are the threshold values defined above) to ensure that all bidders have
(at most) a utility of o; and then match all bidders to dummy items at a price
of 0. As no real item is matched and all utilities are o; this is feasible. It is also
stable as all real items have prices so high that no bidder strictly prefers them
over a dummy item. a

Finally, we show that all three conditions on the utility functions (see Section
2) are required to guarantee the existence of a bidder optimal solution:

Strict monotonicity: Consider a setting with three bidders and two items and
the following utility functions: uy 1(z) = us2(z) = 1—2, ui 2(z) = us1(z) = —x
and ug1(z) = ugo(x) = 2 if £ < 1 and ug1(x) = ug2(x) = 3 — z otherwise.
All ; ; = 0; = 0. Then one feasible and stable outcome is u = {(1,1),(2,2)},
p = (0,1) whereas another is p = {(2,1), (3,2)}, p = (1,0). In neither of the two
settings can the price for the item with price 0 be lowered any further without
upsetting stability. The first outcome is strictly preferred by bidder 1, whereas
the second is strictly preferred by bidder 2.

Eventual drop in utility to o;: Consider two bidders who both have the utility
function w;1(z) = 1/(1 + z) for a single item. Again, r;1 = o, = 0. Then no
matter how large p; is, both bidders will still strictly prefer the item over being
unmatched.

Right continuity: Consider two bidders who both have the following utility func-
tion for a single item: u;1(z) = 2 —z if x < 1 and w;1(x) = —z otherwise.
Then a price of p; < 1 will not be stable, as both bidders strictly prefer the
item over being unmatched. So any stable price needs to satisfy p; > 1 and this

® This no longer holds without the requirement of right-continuity as discussed at the
end of this section.



set no longer contains its infimum. If we change the first condition of the utility
function to x < 1, ensuring right-continuity, then the price p; = 1 is stable, even
though the item cannot be assigned to either of the two bidders.

Truthfulness. If the reserve prices r; depend only on the items, then Theorem
2 in [10] shows that any mechanism that computes a bidder optimal outcome
is truthful. If the reserve prices r; ; also depend on the bidders, then this is
no longer true: Consider a setting with two bidders and two items and the
following utility functions, reserve prices, and outside options: u; 1(x) = 6 — z,
’U,172(1') =5- Z, ’U,le(.fc) =6— Z, u212($) =6— T, i, = 2, T12 = 0, 21 = 1,
ro.2 = 2, and 01 = 03 = 0. The bidder optimal outcome is u = {(1,1),(2,2)},
p = (2,2). If Bidder 2 reports us 2(z) = 0, then the bidder optimal outcome is
p=1{(1,2),(2,1)}, p = (1,0). This gives Bidder 2 a strictly higher utility.

4 Algorithm for General Utilities

Here we present an algorithm which directly computes a bidder optimal outcome
for general utility functions, as opposed to settling for a piecewise-linear approxi-
mation [11,12]. Our algorithm assumes that computations of the “inverse utility
function” ujjl(z) = min{p : u; j(p) < x} take constant time. If u, ;(-) is contin-

uous then ujjl() is indeed the inverse function. More generally, it is merely a

one-sided inverse function satisfying u;jl(ul i) =p.

Description of the Algorithm. Try out all possible matchings in which all bid-
ders, but not necessarily all items, are matched. For a particular matching u try
all possible ways of ordering the (up to) k properly matched bidders. For each or-
dering initialize lower bounds on the prices Vj : b; = min; r; ;. Execute the follow-
ing steps for every properly matched bidder i according to the current ordering:
Fix the price of item 1(7) to be p,;y = max(b,e, 74,.(:)) and update b,y = Ppiy-
If w; (1) (P (i) < 0; then abort the check of the particular ordering. If there ex-
ists a previously considered bidder i’ where w; ;) (Pu(i) < Wi (i) (bu(iry) then also
abort the check of the particular ordering.” If neither of these two cases happens,
update the vector of price bounds by setting Vj : b; = max(b;, u;jl (s,i) (bpa)))-
Once all properly matched bidders have been considered, go through all bidders
matched to dummy items. If for such a bidder i there exists a matched item
j = u(i’) where u; ;(p;j) > o; then abort. Otherwise, set p; = max(pj,ui_,jl(oz-))
for all items j.® After considering all matchings and orderings, output any pair
(1, p) corresponding to the lowest found prices p.

Lemma 5. If the above algorithm terminates without aborting then the returned
output (p,p) is feasible and stable.

6 The price Pu(i) is now already too high to allow a feasible matching of i to u(i).

7 We assumed that i’ got her item at the current price bound Du(iry = by but this
price would no longer be stable wrt to i.

8 Note that these price updates can only affect unmatched items. For all matched
items fu(¢) the price was finalized when their bidder ¢ was considered.



Proof. When a particular matched bidder ¢ is considered the price p,,¢;) will not
rise anymore until abortion or until a new matching/ordering is tried. During
the consideration of ¢ we update the prices of all other items to ensure that i’s
utility is highest for item u(7). As the prices for the other items might increase
further this ensures that on termination we have u;;(p;) < i ue)(Pu)) for
all j. Prices are feasible as whenever we match a bidder i to an item j we set
p; = max(b;, r; ;). Utilities are feasible as when considering i we only continue
if ¢’s utility is non-negative and this does not change until termination. As for
unmatched bidders, we ensure that they have a utility of no more than o; for
any real item and so they are stable. a

If one requires p; > b; in addition to feasibility, then the b; can simply be
absorbed into the reserve price by setting 7; ; = max(r; j,b;). So whenever the
algorithm updates the bounds b; while considering bidder ¢ this is conceptually
a restart of the algorithm with a new input, where reserve prices are changed
and bidder ¢ and item pu(i) have been removed.

Lemma 6. If we know that for the input (u; ;(-),7i,0:;) a feasible and stable
outcome exists, then every bidder optimal outcome (p,p) matches at least one
bidder i to an item j al price p,y = Ti u()-

Proof. Theorem 1 in [10], whose proof does not require continuity, shows that
given a bidder optimal outcome there is no other feasible (but not necessarily
stable) solution where all bidders are strictly better off. But if all prices of
matched items j satisfied p; > r,(;) ; then by setting all prices for the matched
items to p; = r,,(;),; all bidders would benefit as we assume that utility functions
are strictly decreasing in the price and prices p; are still feasible. a

Lemma 6 is the main ingredient to reconstruct the lowest stable prices for a
given matching. It lets us remove one bidder ¢ at a time where at each step we
can ensure that p,;) is not affected by removals of bidders in future iterations.

Theorem 2. If for u currently being tried by the algorithm there exist feasible
and stable prices then the algorithm will find the lowest stable prices p for u.

Proof. By induction on the number of bidders n. If n = 1 then in the bidder opti-
mal outcome the (unique) bidder i gets item p(i) € argmax;, u; j(max(b;/, i ;1))
at price max(b,(iy, Ti u(i)) = Tiu(s) and the price of all items j" # u(i) must be
at least ui_j/ (4,1(i) (Pp(s))) to guarantee stability for bidder i. These are also the
prices the algorithm will return if it does not abort. Now suppose the result holds
for all £ < n and we want to prove the claim for n + 1. By Lemma 6 we know
that at least one item j is sold for the price p; = max(b;,7; ;) to some bidder ¢,
where b; is the current lower bound. As we try out all possible orderings, this
bidder ¢ will also be selected first in an ordering and hence obtain item j at
price p;. To ensure that bidder ¢ does not prefer a different item we must have
increased the price bounds of all items j/ # j to by = max(bj, u;jl, (ui,5(pj))) for
any stable solution in which bidder ¢ gets item j at price p;. These are exactly
the lower price bounds the algorithm ensures. Given these lower price bounds



and the fact that prices only increase, bidder i is stable for the prices computed
for this ordering. Hence we can remove bidder i and are left with a new instance
with n bidders and one less item. By induction, we find the lowest feasible and
stable prices for this problem. As (i) we try out all possible orderings of bidders
and (ii) for the correct ordering we obtain the lowest feasible and stable prices
p respecting the initial lower bound b; = min; r; ; for all j, we obtain the theo-
rem. O

Theorem 2 together with Lemma 1 shows that the algorithm outputs a bidder
optimal outcome.

Running Time. There are O(k!(n + k)*) different matchings of n bidders to
up to k items and there are O(k!) = O(k¥) permutations of the up to k properly
matched bidders. Computing the price updates for a given matching-bidder pair
takes time O(nk). Hence the overall running time is O((n + k)F - k26+1 . ).
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